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INTRODUCTION 

 

 
This work is about Kepler's Laws, specifically on their generalization by Isaac 

Newton. 

The objectives of this project are to contribute to a better understanding of the 

history of Astronomy since the geocentric theory of Ptolemy until the generalization of 

Kepler's Laws by Newton. 

The work is organized in three parts. In the first part some of the key milestones 

in the history of Astronomy and Physics are briefly discussed. In the second part, the three 

Kepler's Laws (Law of Orbits, Law of the Areas and Law of the Periods) are dealt with. In 

the last part the generalizations of Kepler's Laws by Newton are demonstrated. 

Finally the method of mass determination, which results from the derivation of 

Kepler's Third Law by Newton and it is still used to determine the mass of astronomical 

bodies nowadays, is also mentioned. 
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HISTORY 

 

Since early times men have felt the need to have references to identify the times of 

planting and harvesting. 

By observing the sky, our ancestors realized that some stars describe orbits on a 

regular basis, thus giving a sense of time. 

First, it was concluded that the Sun and the other planets observed at the time 

revolved around the Earth. This was known as the Geocentric Model and was proposed 

by, Claudius Ptolemy, a Greek astronomer, in the second century. 

By the fifteenth century Nicolaus Copernicus presented the Heliocentric Model 

according to which the sun occupies the center of the universe and the planets describe 

circular orbits around it. 

 

 

 

 

 

In the seventeenth century, the Danish astronomer Tycho Brahe modified the 

Ptolemaic system in order to harmonize it with that of Copernicus. For over two decades, 

he made numerous observations of the positions of stars and planets, but died before he 

could draw conclusions from his studies. 

The task of studying the data that Brahe had collected, fell on his disciple Johannes 

Kepler, German astronomer who formulated three laws of planetary motion. 

Figure1: Geocentric Model and Heliocentric Model. 
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This astronomer, born on December 27, 1571, held 

that the Earth moved in elliptical orbits rather than circular 

ones and that the speed of the planets was variable, thus 

revolutionizing, Astronomy and Physics. 

In 1596, Kepler published Mysterium 

Cosmographicum, where he presented arguments for the 

heliocentric hypothesis. In 1609, he published Astronomia 

Nova, Harmonices Mundi and Epitome of Copernican Astronomy, where he presented the 

three laws of planetary motion that now bear his name. 

Kepler's model was criticized for its lack of symmetry. The Sun occupied one of the 

focus of the ellipse whereas the other was simply filled by vacuum. 

Johannes Kepler died in Regensburg, Germany, on November 15, 1630. 

Based on the work of Kepler, Isaac Newton, an English physicist born on December 

25, 1642, formulated the Law of Universal Gravitation. He acknowledged his debt to Kepler 

by stating that "If I have seen further, it is by standing on the shoulders of giants”. 

 

KEPLER´S LAWS 

 

Kepler defined three laws to describe the planetary motion. The first law states that 

the planets describe elliptical orbits, with the Sun on one of the focuses. The second law 

states that the vector connecting the center of a planet to the Sun describes equal areas in 

equal time intervals. The third law states that the squares of the revolutionary periods are 

proportional to the cube of the average distance from the Sun to the planet. 

 

Figure 2: Johannes Kepler. 
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KEPLER´S FIRST LAW - LAW OF THE ORBITS 

A planet that orbits around the Sun describes an ellipse in which the Sun is at one 

of the focus. 

This law establishes that the orbits are not circles as previously thought, but 

ellipses. 

The sum of the distance from one focus to the planet with the distance of the planet 

to the other focus is always the same, regardless of the location of the planet along the 

ellipse. 

 

 

 

 

The sum of the distance F1P with the distance F2P is always constant, whatever the 

position of point P. 

KEPLER´S SECOND LAW – LAW OF THE AREAS 

The radius vector connecting the massive body to the slightest body sweeps out 

equal areas in equal times. 

 

 

 

 

Figure 3: Representation of Kepler´s First Law. 

Figure 4: Representation of Kepler´s Second Law 
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∆𝒕𝟏 = ∆ 𝒕𝟐 → 𝑨𝟏 = 𝑨𝟐 

The ratio between the area swept by the planet (
𝑨𝟏

∆𝒕𝟏
) is always constant and 

represents the areal velocity of the planet. 

As the areal velocity of a planet is constant, this interferes with its translation 

velocity. That is, in the figure 𝑨𝟏 = 𝑨𝟐, but the corresponding arc to 𝑨𝟐 is greater than the 

corresponding arc to 𝑨𝟏, so the translation speed must be greater in the corresponding arc 

to 𝑨𝟐. 

The average translation speed of a planet is inversely proportional to the square 

root of the radius of the orbit value. 

𝒗𝒂 = 
𝑲

√𝒓
 

vm: average translation speed; K: areal velocity; r: radius of the orbit. 

So, this law states that the planets move at different speeds depending on their 

distance to the sun. 

KEPLER´S THIRD LAW – LAW OF THE PERIODS 

The squares of the revolution periods of the planets are proportional to the cubes of 

the largest axle shafts of their orbits. 

This law means that there is a relationship between the distance from the planet 

and the translational period. Therefore, the farther the planet is from the Sun, the longer 

it takes to complete a full turn around this star, with a longer "year." 

𝑻𝟐

𝑹𝟑
= 𝑲 

 
T: period of the planet; R: semi-major axis of their orbits; K: Kepler´s constant. 
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The constant K is the Kepler´s constant and is the same for all bodies that orbit 

around the same star. In the case of the Solar System, K is approximately equal to 1 

year2AU-3. 

 

GENERALIZATION OF KEPLER´S LAWS BY 

NEWTON 

Kepler's laws were empirical in the sixteenth century. 

Kepler explained how the planets move, but did not explain why 

they move. While recognizing that there was some force to keep 

the planets in their orbits, he could not prove its existence. 

It was Isaac Newton who managed to explain the properties 

of the fundamental force that worked on astronomical bodies - 

gravity. 

Newton could thus explain the motion of the planets around the Sun, assuming 

the hypothesis of a force directed to their center, which produces an acceleration that 

requires the speed of the planet to constantly change direction, describing its orbit. 

Considering the Moon moving around the Earth and Kepler's laws, Newton 

formulated the Law of Universal Gravitation. 

 

GENERALIZATION OF KEPLER´S FIRST LAW 

Newton proved that the fact that the orbits of the planets are elliptical is due to 

the type of force acting between them and the Sun. 

Figure 5: Isaac Newton. 
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This force generates an acceleration that makes the planets move in elliptical orbits. 

In the most general case, the only possible orbits for two gravitationally interacting bodies 

are conic sections: circle, ellipse, parabola or hyperbole. 

If the body has periodic motion as planets do, their trajectory is necessarily circular or 

elliptical; if the motion is not periodic, as it is the case of some comets and asteroids, its 

trajectory will be parabolic or hyperbolic. 

The decisive factor that defines the type of orbit of bodies is the total energy of the 

system (zero gravitational potential energy is taken at infinity). 

 Energy < 0 → elliptical or circular orbit; 

 Energy = 0 → parabolic orbit; 

 Energy > 0 → hyperbolic orbit. 

 

 

 

 

 

 

All conical sections can be described by the equation of the ellipse, 

depending on the values that its elements can take. 

A circle can be deduced considering the equation of the ellipse with no 

eccentricity and a semi-major axis equal to the lesser axle shaft, e =0 and r= a. A 

parabola can be determined by the formula of the ellipse with an eccentricity equal 

to one and an infinitely large semi-major axis, e =1 and a =∞. A hyperbola can be 

 Figure 6: Conic sections. 
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defined by the equation of the ellipse with an eccentricity greater than one and a 

negative semi-major axis: e> 1 and a <0. 

GENERALIZATION OF KEPLER´S SECOND LAW 

The second of Kepler’s laws is easily demonstrated considering the 

maintenance of the angular momentum quantity which is represented by the 

formula below: 

�⃗⃗�   𝒓 ⃗⃗⃗⃗ . �⃗⃗�  𝒎. �⃗�  . �⃗⃗�  

L: angular momentum; p: linear momentum; r: radius vector; v: velocity of the body with less mass m. 

 

To maintain the angular momentum (L) constant, an increase in the radius vector 

(r) implies a decrease in body speed which performs the elliptical orbit. 

 

 

 

 

 

So we can conclude that when in perihelion (point when the planet is closer to the 

Sun), the planet orbits faster. As the radius vector is smaller, and the angular momentum 

is conserved the speed increases. In aphelion (the point where the planet is farther from 

the Sun), the planet moves more slowly. As the radius vector is larger, and the angular 

momentum is conserved, the speed reduces. 

Figure 7: Representation of angular momentum. 
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GENERALIZATION OF KEPLER´S THIRD LAW 

For the deduction of Kepler´s Third Law, Newton considered a circular orbit, that 

is, with zero eccentricity and semi-major axis equal to the lesser axle shaft. 

As there is centripetal force acting on the planet with mass m and radius r orbital 

distance: 

𝑭𝑪 = 
𝒎𝒗𝟐

𝒓
 

Considering that the orbital period is T:  

𝒗 =  
𝟐𝝅𝒓 

𝑻
 

For Kepler´s Third Law: 

𝑻𝟐 =  𝑲𝒓𝟑 

So: 

𝑭𝑪 =  𝒎
𝟒𝝅𝟐𝒓𝟐

𝑻𝟐
=  𝒎

𝟒𝝅𝟐𝒓𝟐

𝑲𝒓𝟒
= 

𝟒𝝅𝟐𝒎 

𝑲𝒓𝟐
 

Thus, the force that maintains the shape of the orbit is inversely proportional to 

the radius squared. 

Considering now, an isolated system with two bodies on a circular orbit under the 

effect of their mutual gravitational force, with masses m1 and m2, which orbit around a 

stationary center of mass (CM), which are distant r1 and r2, respectively. 
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Figure 8: m - masses; F – forces applied; a – distance between the bodies; CM –
center of mass. 

 

So we can write: 

𝑭𝟏 = 𝒎𝟏

𝒗𝟏
𝟐

𝒓𝟏
= 

𝟒𝝅𝟐𝒓𝟏
𝟐

𝑻𝟐

𝒎𝟏

𝒓𝟏
= 

𝟒𝝅𝟐𝒓𝟏
𝟐𝒎𝟏

𝑻𝟐
 

𝑭𝟐 = 𝒎𝟏

𝒗𝟐
𝟐

𝒓𝟐
= 

𝟒𝝅𝟐𝒓𝟐
𝟐

𝑻𝟐

𝒎𝟐

𝒓𝟐
= 

𝟒𝝅𝟐𝒓𝟐
𝟐𝒎𝟐

𝑻𝟐
 

(1) 

As 𝑭𝟏 = 𝑭𝟐 then: 

𝒓𝟏𝒎𝟏 = 𝒓𝟐𝒎𝟐 → 
𝒓𝟏

𝒓𝟐
= 

𝒎𝟐

𝒎𝟏
 

Thus, we conclude that the most massive body remains closer to the center of mass. 

As: 

𝒂 = 𝒓𝟏 + 𝒓𝟐 

So: 

𝒓𝟏 = (𝒂 − 𝒓𝟐)
𝒎𝟐

𝒎𝟏
= 𝒂

𝒎𝟐

𝒎𝟏
− 𝒓𝟐

𝒎𝟐

𝒎𝟏
 

𝒓𝟏 (
𝒎𝟏 + 𝒎𝟐

𝒎𝟏
) = 𝒂

𝒎𝟐

𝒎𝟏
 →  𝒓𝟏 = 𝒂

𝒎𝟐

𝒎𝟏 + 𝒎𝟐
 

(2) 

Once: 

𝑭𝑮 = 𝑭𝟏 = 𝑭𝟐 = 𝑮
𝒎𝟏𝒎𝟐

𝒓𝟐
= 𝑮

𝒎𝟏𝒎𝟐

𝒂𝟐
 

 (3) 
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And this is exactly the equation of Newton´s Law of Universal Gravitation. Given two 

bodies with masses m1  and m2, that are distant to each other, they attract each other with 

a force that is proportional to the mass of each one of them, and inversely proportional to 

the square of the distance that separates them. Thus, it is proven that Newton formulated 

his Law of Universal Gravitation based on Kepler's Third Law. 

Combining the equations (1), (2) e (3), Kepler´s Third Law can be reformulated: 

𝑭𝟏 = 
𝟒 𝝅𝟐𝒓𝟏𝒎𝟏

𝑻𝟐
→ 𝑻𝟐 = 

𝟒 𝝅𝟐𝒓𝟏𝒎𝟏

𝑭𝟏
=

𝟒 𝝅𝟐𝒂𝒎𝟏𝒎𝟐 𝒂
𝟐

(𝒎𝟏 + 𝒎𝟐)𝑮 𝒎𝟏𝒎𝟐
 

𝑻𝟐 =
𝟒 𝝅𝟐

𝑮(𝒎𝟏 + 𝒎𝟐) 
𝒂𝟑 

𝑲 =
𝟒 𝝅𝟐

𝑮(𝒎𝟏 + 𝒎𝟐) 
 

Thus, it can be established that the constant K, defined as the ratio 
𝑻𝟐

𝒓𝟑, is only 

constant if (𝒎𝟏 + 𝒎𝟐) remains constant. 

This is what happens in the case of the planets of the Solar System. As all planets 

have much less mass than the Sun's mass, the sum of its mass with the mass of the planet 

is about the same regardless of the planet. Therefore, when Kepler formulated his third 

law, he did not consider the dependence of mass, and this failure was only corrected by 

Newton a century later. 

 

MASS DETERMINATION 

Kepler's Third Law derivate by Newton enables us to determine the masses of 

astronomical bodies, since it is possible to measure their period and the distance 

separating the two bodies. The formula to use is: 
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𝒎𝟏 + 𝒎𝟐 = 
𝟒𝝅𝟐

𝑮

𝒂𝟑

𝑻𝟐
 

 

Considering: 𝑲 =
𝟒𝝅𝟐

𝑮(𝒎𝟏+𝒎𝟐) 
 and 

𝑻𝟐

𝑹𝟑
= 𝑲. 

 

The mass measurement is always the system mass (sum of the mass of the two 

bodies to be considered), but if one of the bodies is much larger than the other, it can be 

considered that the weight measurement is the most massive body. 

According to the International System, G = (6,67428 ± 0,00067) × 10-11 N m2/kg2. 

However, in Astronomy, it is often more convenient to use other units. For example, on 

systems where the largest body is a star, the mass can be determined in solar masses (mass 

of the Sun = M) periods in years and the distances between them in astronomical units.  

In systems where the largest body is a planet, it is convenient to express the mass 

in Earth's mass units (M⊕= mass of the Earth), periods in sidereal months and the relative 

distances in terms of the distance between the Earth and the Moon. 

To sum up, Kepler´s Third Law, generalized by Newton, can be used to 

determinate the weight of many of the bodies of the Solar System. 
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CONCLUSION 

 

With this work it can be concluded that Astronomy has undergone big major 

changes over the years, Kepler being one of the responsible scientists for some of the most 

important discoveries in this area. 

Johannes Kepler, Tycho Brahe disciple, formulated three empirical laws: Law of the 

Orbits, Law of the Areas and Law of the Periods. The model of this astronomer was heavily 

criticized for the lack of symmetry. The Sun occupied one of the focus of the ellipse 

whereas the other was simply filled by vacuum. However, his laws completely 

revolutionized the concepts that had been previously formulated on the planetary 

movements. 

Kepler's Laws were later generalized by Newton. The first law enabled the 

conclusion that the shape of the orbits of the planets varies according to the total energy 

factor of the system. The second law was demonstrated by Newton through the 

conservation of the angular momentum. From it we can conclude that a planet moves 

slower the further away to find the Sun.. The third law made the notorious Newton´s Law 

of Universal Gravitation possible. 

With the derivation of Kepler's laws by Isaac Newton, it was also possible to create 

a model that allows the calculation of the mass of astronomical bodies, which is still used 

by astronomers today. 

So, Kepler was one of the "giants" upon whose shoulders Newton rose to deduce 

statements of utmost importance in the world of astrophysics. 
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